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Evidence of Nonlogarithmic Behavior of Turbulent
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Employing data of peak position and peak values of Reynolds shear stress provided by canonical channel flow
direct numerical simulations and pipe and channel flow experiments, three recent theories predicting the mean-
velocity profile of wall-bounded turbulent flows are compared. Based on that analysis it is verified that the mean-
velocity profile of such internal flows is logarithmic only to leading order and that the higher-order terms are
proportional to reciprocal powers of the Kairman number. This finding clearly indicates that higher-order effects
with respect to the Kirman number and the wall-normal coordinate must be considered. Furthermore, our results
show that even the statistics of the flow region closest to the wall are affected by flow phenomena that scale with outer

variables.

1. Introduction

HE universal logarithmic law describing the mean-velocity

profile in the overlap region of a turbulent wall-bounded flow is
a cornerstone of fluid mechanics research. However, there is no
physical or mathematical reason to exclude, a priori, a Reynolds
number dependence of such profile. In fact, there has been
considerable controversy during the past few years concerning the
validity of the log law and alternative Reynolds-number-dependent
power as well as logarithmic laws have been proposed (for references
and background, see Buschmann and Gad-el-Hak [1]). Although a
useful workhorse for engineering applications because of its
simplicity, failure of the universal logarithmic law makes it more
difficult to extrapolate laboratory-scale experiments and flow control
devices to field conditions, as well as to calibrate a variety of wall
sensors whose utility depends on the precision of the law of the wall.
More seriously, if the classical law of the wall would fail, all recent
numerical schemes based in one way or another on the logarithmic
law would fail too (Gad-el-Hak [2]). Recent high-Reynolds-number
experiments, direct numerical simulations (DNS), and theoretical
considerations have strongly suggested that Reynolds number
effects persist indefinitely for both mean velocity and higher-order
statistics. True self-similarity seems to not be achieved at any high
but finite Reynolds number in the flow types considered here
(turbulent channel and pipe flows). All that has caused significant
doubts on the classical picture of wall-bounded turbulence, although
the precise functional shape of the mean-velocity profile and its
correct Reynolds number dependence are still unknown for even the
geometrically simplest albeit technically important turbulent flow,
the canonical pipe and channel flow.

Because turbulence is not a closed problem, a large number of
theories have been created to solve the topics addressed above.
Beginning with the Izakson—Millikan [3,4] derivation of the standard
logarithmic law, several asymptotic approaches were developed.
One of the first higher-order theories extending the standard log law
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was advanced by Tennekes [5] who derived a second-order law for
pipe flows. An early theory based on asymptotic methods was given
by Yajnik [6]. This work basically led to asymptotic laws
corresponding to the law of the wall, the logarithmic law, the velocity
defect law, and the law of the wake. Mellor [7] extended Yajnik’s
work by considering an inviscid region as part of wall flow. The work
by Mellor is reflected in detail in the textbooks by Gersten and
Herwig [8] and Schlichting and Gersten [9]. In 1976, Afzal [10]
published one of the first general higher-oder theories for the overlap
layer of pipe and channel flows (see also Afzal and Yajnik [11]).
Afzal’s work is also the basis for the higher-order approach by
Buschmann and Gad-el-Hak [12], considered here among others. A
recent review of asymptotic expansions is given by Panton [13].

A key feature of wall turbulence is the complex, three-dimensional
and instantaneous turbulent motion. This statement follows directly
from experimental evidence presented in several recent papers
(Adrian [14], Hutchins and Marusic [15], and Monty et al. [16]). The
turbulent motion is subjected to viscous and inertial forces acting
throughout the entire flow but with different intensities at different
wall-normal positions. This assertion follows directly from the
governing equations because there is no y position in the flow, except
the wall itself, where one or the other term can be set identically zero.
Nevertheless, as a zeroth-order approximation it is not unreasonable
to split wall-bounded turbulent flow into two distinct albeit
overlapping zones. This is the classical view that assumes an overlap
region where both viscous and inertial forces can be neglected. Under
this assumption the simple logarithmic law holds

1
M+ =;ﬁ|1(y+)+B, u+ =— y

where k denotes the Kdrmén constant, B is the additive constant, y is
the wall-normal coordinate, and u is the mean velocity in the
streamwise direction. Both x and B are presumed to be independent
of the Reynolds number. The superscript + stands for normalization
with wall variables, the friction velocity u, = /1,,/p and the fluid
kinematic viscosity v, where t,, is the wall shear stress and p is the
fluid density. The simple logarithmic law implies that the size of the
eddies in the overlap region grows proportional to the distance from
the wall (Adrian [14]), and that scaling based on wall variables alone
is sufficient. The fact that several spanwise length scales are indeed
growing linearly with distance from the wall was shown
experimentally by Tomkins and Adrian [17]. However, an analysis
of the stresses of turbulent channel and pipe flow conducted by
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Buschmann et al. [18] makes it clear that wall turbulence is also
affected by outer scales.

The fact that inner-region turbulence is influenced by outer scales
is well known and was discussed by several authors. DeGraaff and
Eaton [19] introduced the so-called mixed scaling for zero-pressure-
gradient turbulent boundary layers to cover the Reynolds number
dependence of i”?. George and Castillo [20] found from asymptotic
analysis that i’> should be scaled employing u2, where u, denotes the
velocity at the outer edge of the boundary layer. Recently, Morrison
[21] examined the interaction of inner and outer regions and found
that a “weak” asymptotic condition is needed to represent the
increasing effect of outer-scale influence as the Reynolds number
increases. He also stated very clearly that the inner—outer interaction
is an intrinsically nonlinear process.

In this paper, we use several DNS databases and the results of two
independent experiments to compare three leading theories that
predict specific forms of the Reynolds-number-dependent mean-
velocity profile. Direct numerical simulations are used more
extensively herein because they provide the accuracy needed to
validate the different theories. In contrast to previous work that
focused on the mean-velocity data, herein we employ data of peak
position and peak values of Reynolds shear stress, which provide a
much more sensitive test to validate the different theories.

The three theories considered herein are the generalized
logarithmic law advanced by Buschmann and Gad-el-Hak [12], the
alternative logarithmic law by Wosnik et al. [22], and the power law
by Barenblatt [23]. These theories are representative of the ongoing
debate on wall-bounded turbulence. Other more recent theories such
as the self-similar profile based on probability density functions by
Tsuji et al. [24], the scaling laws based on Lie group or symmetry
approaches by Khujadze and Oberlack [25], or the instantaneous log
law based on an asymptotic analysis of the Navier—Stokes equation
by Lundgren [26] are not considered here for two reasons: 1) these
theories are aimed primarily at boundary-layer flows and not internal
flows, and 2) the theories contain parameters, especially within the
higher-order terms, which were not supplied by the original authors.

In the limit of infinite Reynolds number, both the generalized
logarithmic law and Wosnik’s logarithmic law lead to a logarithmic
overlap region. For finite Reynolds numbers, neither law exhibits a
“true overlap region” in which the inner or outer flow, or the overlap
region itself, are Reynolds number independent. However, the
Karmén number dependencies (representing the Reynolds number
dependencies) and therefore the asymptotic behavior of both
approaches is different. Barenblatt’s ansatz is a Reynolds-number-
dependent power law that never leads to a logarithmic state of the
profile. All three approaches have in common that they show an
explicit Reynolds number dependency. Note that the Karmén
number is closely related to the mean-flow Reynolds number. None
of these laws assumes true self-similarity in the same sense as the
classical logarithmic law does. All of them are intended for finite
Reynolds number flows and explicitly consider Reynolds number
dependency.

The advantage of the generalized logarithmic law and Wosnik’s
logarithmic law compared with the combination of power law and
classical logarithmic law proposed by McKeon et al. [27] is simply
that the first two are “monolithic.” They are based on one set of
physical assumptions and follow from one mathematical derivation.
From a practical point of view, these laws avoid the discontinuity that
inevitably occurs at the matching point when two functions are stuck
together. This is also true for the combination of inner and outer
power laws proposed by Barenblatt et al. [28].

II. Evidence of Reynolds Number Dependency

Strictly speaking, the universal logarithmic law is valid only in the
limit of infinite Reynolds number. For any other value, the Reynolds
number dependency of the governing equations prevents strict self-
similarity (meaning Reynolds-number-independent solutions).
Experimental support for that theoretical argument comes from,
for example, the superpipe data by McKeon et al. [27], which
indicates that a universal logarithmic law does not emerge below a

Reynolds number of 2.3 x 10°. Our own view is that above this
value, the Reynolds number dependency of the equations does not
disappear, it is merely extremely weak and therefore not easy to
detect experimentally. That weak effect is overwhelmed by
experimental uncertainties, which, because of probe resolution
issues, magnify at higher Reynolds numbers.

In a recent paper, Lundgren [26] conducted an expansion of the
complete unsteady Navier—Stokes equations. Bypassing altogether
Prandtl’s boundary-layer simplifications, Lundgren’s approach does
not rely on any assumption with respect to the Reynolds shear stress.
Resulting from his study is a composite expansion that extends
beyond the classical Reynolds-number-independent overlap region

1 .
(u) :;ﬂ"()’+) +(B;) + §+ + (B, )Y + - )

where B; | and B, ; are functions of normalized streamwise and wall-
normal coordinates and of normalized time, angle brackets denote
time averages, and Y = y* /8. This most fundamental approach
clearly reveals that the streamwise velocity profile depends on the
Reynolds number in both wall and outer variables and that higher-
order terms with respect to the wall-normal coordinate must be
considered. The generalized logarithmic law proposed by
Buschmann and Gad-el-Hak [12] has a similar structure but with a
more generalized Reynolds number dependency. Of course, any
logarithmic law can be approximated locally by a power law. But as
Lundgren [26] pointed out, that only shows that power laws are
rational approximations to the logarithmic law over a limited
y* range.

Aside from the experimental evidence of Reynolds number
dependency of the mean-velocity profile in the overlap layer, we
present three arguments in support of the idea that both outer and
inner scales are important throughout the entire wall-bounded flow:

1) From flow visualizations it is known that vortices connected
with the wall reach far into the outer region (e.g., Head and
Bandyopadhyay [29], Adrian et al. [30]), and that fluid structures
from the outer region dive deep into the inner layer (e.g., Hites [31]).
The most recent experiments in turbulent boundary layers by
Hutchins and Marusic [15] confirmed the existence of long
meandering “superstructures” extending more than 20§ in length in
the logarithmic and the lower wake region, where § is the boundary-
layer thickness. Those structures leave their footprints deep into the
near-wall region. Qualitatively similar structures up to 25 pipe radii
or channel half-widths are reported by Monty et al. [16] for confined
flows.

2) Any vortex occurring in the outer flow of a boundary layer or the
core region of pipe and channel flow induces a velocity field that
pervades the complete wall-bounded flowfield (Davidson [32]). The
size of these eddies correlates with the boundary-layer thickness or
channel half-width. Experimental support for that notion comes from
Guala et al. [33] who found that large-scale motions having
wavelengths of 26-38 occur throughout the entire layer.

3) Analyzing the mean-momentum equation for pipe and channel
flows

_dp*

d(u'v)* dPut
= — 3
dxt dy+ + dy+2 (€)

itbecomes clear that at the peak position of the Reynolds shear stress,
the second term on the right-hand side vanishes. The Reynolds-
shear-stress gradient and not the Reynolds shear stress itself is what
appears in the momentum equation, and therefore the Reynolds-
stress term is entirely absent at its peak position y,,. In the vicinity of
this point, which, at high Reynolds numbers is located well within the
classical logarithmic region, the pressure gradient term must be
balanced mostly by the viscous term. According to Sreenivasan and
Sahay [34], this observation provides a mechanism by which viscous
effects play an important role in regions traditionally thought to be
inviscid (i.e., inertial). This throws grave doubt on the validity of the
classical matching principle and all of its consequences. Sreenivasan
[35] termed the region in the immediate vicinity of y, the “critical
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layer.” Several years before that, Long and Chen [36] identified this
region as a “mesolayer.”

Taken together, the above arguments strongly support the idea of
scaling near-wall turbulence, including the mean-velocity profile,
with both inner and outer variables. Therefore, the ratio of inner to
outer length scales—the Kdrman number §* = u,§/v, where § is the
boundary-layer thickness, the pipe radius, or the channel half-width
—should play an important role. One of the fundamental questions is
whether there are regions where the turbulence exhibits universal
features such as a constant Reynolds-stress layer, —u'v’ &~ u2. The
three theories considered herein (generalized logarithmic law,
alternative logarithmic law, and Barenblatt’s power law) answer that
question in the negative sense and indicate a Kidrman number
dependency. However, in all three cases this dependency, and hence
the asymptotic structure of the approach, is different.

III. Basic Idea of the Analysis

The scope of our analysis is to validate or falsify the Karméan
number dependencies of the three approaches considered. All of
them rely on statistics and therefore have to be validated accordingly.
For that purpose, we analyze the asymptotic structure of all three
approaches with respect to peak position and peak value of the
Reynolds shear stress. Both parameters are very distinct features of
the statistics of wall-bounded flows. In the theories considered, both
follow implicitly from the physical assumptions employed to
close the turbulence problem. This is not directly apparent because
those quasi-closure models are hidden in the approaches either as a
certain form of gauge functions (Buschmann and Gad-el-Hak [12]),
in the basic assumptions constituting the asymptotic invariance
principle (Wosnik et al. [22]), or by a priori assuming a power law
(Barenblatt [23]).

All three theories have in common the implicit assumption that the
classical logarithmic law is not valid if the Reynolds number is finite,
which implies that the peak value of the shear stress is not exactly
unity. The more that peak deviates from 1, the less accurate the
classical logarithmic law is, and hence the need for higher-order
corrections. Certain researchers claim that if the peak value is below a
certain value, then the logarithmic law is not valid below a certain
Reynolds number (see, for example, Zanoun et al. [37]). The
difference between this claim and the theories considered herein is
that the former demands a sharp transition. Either logarithmic law is
valid or not valid. On the other hand, the latter considers that
transition as a continuum from the minimum Reynolds number for
turbulence, Re;,, to infinite Reynolds number. At Re;,, the
logarithmic law is a poor approximation, and at infinite Reynolds
number it is the common part of the inner and outer regions.
However, for any finite Reynolds number the classical logarithmic
law is not sufficient to describe the flow properly. For example, at
Re;, one needs an infinite number of terms in the generalized
logarithmic law, whereas at infinite Reynolds number one needs only
the zeroth order and the classical logarithmic law is restored.

First of all, we have to answer the question whether or not these
theories are in principle valid around the shear-stress peak. Two
points have to be kept in mind when answering this question. First,

the peak position is a function of the Kdrmdn number as amply
demonstrated by Sreenivasan and Sahay [34]:

yi = (1.8 +0.2)5+05 4)

and, second, all three theories are so far only validated employing
mean-velocity profiles. From these investigations, however, at least
several clues for answering the above question can be drawn. Note
that Eq. (4) can be derived from the mean-momentum equation for
internal flows assuming the standard log law and the local-
equilibrium hypothesis.

Investigating the superpipe data by McKeon et al. [27],
Buschmann and Gad-el-Hak [1] found that their mean-velocity
profiles are well represented by the generalized logarithmic law
downto y* ~ 80 (see Fig. 22 of the latter paper). Morrison et al. [38]
give, for pipe flow, a peak position of the Reynolds shear stress
varying with the Kdrman number according to

yi = (1.5 +£0.2)§+05 ©)

Combining both results suggests that the generalized logarithmic law
(GLL) covers the mean-velocity profile of pipe flow at least for
&t > 3000.

An analysis for turbulent boundary layers with zero pressure
gradient (Buschmann and Gad-el-Hak [12]) showed a near-perfect
agreement between the experimental data and the generalized
logarithmic law above y* & 25. A comparable lower border of
¥y &30 was reported by Wosnik et al. [22] for their alternative
logarithmic law employing DNS channel flow data and the first
superpipe data set by Zagarola [39]. In a previous study, Sreenivasan
and Sahay [34] used Barenblatt’s power law without any restrictions
with respect to the y* coordinate. That a power law region below the
logarithmic region may indeed exist was shown by McKeon et al.
[27]. The y* region reported for pipe flow on page 145 of that
reference is between 50 < y* < 300. To summarize, all of these
investigations indicate that the three theories under consideration
may well be applicable in the vicinity of the Reynolds-shear-stress
peak.

Finally, it has to be emphasized that the entire analysis herein
focuses on pipe and channel flows. The results will not be suitable
therefore for zero-pressure-gradient turbulent boundary layers and
other types of semiconfined flows. The reason is simply the different
types of Karmédn number dependencies that have to be considered for
the different flows.

IV. Data Selection and Processing

The analysis undertaken herein requires a careful selection of data.
Our main hypothesis is that any Reynolds number effect will be
extremely weak at high Reynolds numbers. Additionally, we argue
that nearly all available experimental data having low Kéarman
number show a scatter that excludes them from an unequivocal
detection of higher-order effects. Therefore, we focus mainly on
DNS of channel flow (see Table 1). Special care was taken when
selecting DNS data for very low Kdrmédn numbers to exclude any

Table 1 Compiled data covering the Kdirman number range between 64 and 5.3 x 10°. CH: channel flow;
PF: pipe flow; DNS: direct numerical simulations; EXP: experiment

Authors Kdarman numbers Type Symbol
Abe et al. [45] 180, 365, 640, 1020 CH DNS Black star
Duggleby et al. [46] 150 PF DNS Gray square
Hoyas & Jimenez [47] 180, 550, 934, 2006 CH DNS Gray star
Hu et al. [48] 90, 130, 180, 360, 720, 1440 CH DNS Black triangle
Iwamoto et al. [49] 110, 150, 298, 395, 642 CH DNS Black square
120, 160, 180, 235, 589, 1000
Laadhari [50] 1006, 1461 CH DNS Gray triangle
Moser et al. [51] 178, 392, 587 CH DNS Gray diamond
Tsukahara et al. [52] 64,70, 80, 110, 150 CH DNS Black diamond
McKeon et al. [27] (1.8 x10° <8+ <53 x10°) PF EXP Black circle
Zanoun [40] (1.2 x10° <8t <4.8 x10%) CH EXP Gray circle
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results that might be affected by an insufficiently small calculation
domain. This ensures that all relevant scales for the turbulence shear
stress are captured. For the high-Reynolds-number range, we employ
the superpipe data by McKeon et al. [27] and the channel flow data by
Zanoun [40]. To obtain position and value of the Reynolds shear-
stress peak both experimental data sets were differentiated. Special
attention is given to the determination of this gradient because the
data have been taken nonequidistantly in y™. Therefore a weighted
gradient formulation (Grossmann and Roos [41]) should represent
the true gradient very accurately

out —uf ut —uf
a__fa fb +1 + 5
y* y; yz+1 Vi
n
Yi+1 —y,- Yi — Vi
fo=F"—"1 fo="F"""7F (6)
¢ Y,'t.l _y,'Jr_l b yit—l _yiJr—l

V. Mathematical Considerations

The integrated mean-momentum equation for a fully developed,
turbulent pipe or channel flow reads

vyt dut
5t dy*

h=1-— (7)
The Reynolds-shear-stress 7+ remains unknown until a mean-
velocity profile is assumed. The three mean-velocity profiles we

consider herein are 1) the generalized logarithmic law (GLL,
subscript G) derived by Buschmann and Gad-el-Hak [12]:

> 11 | LI .
ug = [ZOK—ST] (" +a™) + Zoﬁci + ZFZBMW
i=0 "l i= i= j=

®)

2) the alternative logarithmic law (WLL, subscript W) derived by
Wosnik et al. [22]:

[ Z (t,lq (_Dl(Sj)Zﬁf)] [y +a*(67)]+ B,(57) (9)

and 3) the power law (BPL, subscript B) proposed by Barenblatt [23]:
up = y(§H)yHe 10)

Introducing the different velocity profiles into Eq. (7) delivers the
associated Reynolds-shear-stress distributions t+(y*,§") in the
vicinity of its peak. Differentiating those leads then to the equations
for the peak position, which is shown here for GLL and WLL up to
second order. Sreenivasan and Sahay [34] give an equivalent relation
up to arbitrary order Eq. (13) for Barenblatt’s power law:

st1/2 1 12
o= | 1 ol 11
ypG K(])/z |: +5+ Kl] a ( )
s+1/2 oA 12
SO I R el SN —at(§+
pr - K;éz |:1 Koo En(D(er)(lJru)] a (8 ) (12)

13)

0 g0 (St
y::—B =)L8+1/2|:1 _|_)L11 ”{[“(5 )}]

b (8%)

The leading-order term of all approaches is of the form a§*!/2, which
resembles the equivalent result derived from the classical logarithmic
law (1). An additional first-order correction follows from the additive
term a inside the logarithmic terms of GLL and WLL. The second-
order terms, underlined in Egs. (11-13), are different in each case
and ultimately are a consequence of the underlying physical
assumptions.

Physical and numerical experiments clearly show that for any
finite Kdrman number, the maximum Reynolds shear stress is smaller

than unity (Gad-el-Hak and Bandyopadhyay [42]). Therefore, a
shear-stress correction term is written as

A(SJr) =1- Irtax(8+) (14)

Introducing the second-order representation of the shear-stress
position of Eqs. (11-13) into Eq. (14) delivers the shear-stress
correction for GLL and WLL. An analogous relation for Barenblatt’s
power law (17) was derived by Sreenivansan and Sahay [34]:
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For §7 — o0, the leading-order terms of all three attempts have
the form 8/8+!/2, which mirrors the logarithmic first-order behavior
of the mean-velocity profile in the vicinity of y; . The task is now to
identify which of the proposed Karmdn number dependencies
correctly represents the higher-order correction of the peak value of

the Reynolds shear stress.

VI. Results

In afirst step it is assumed that second- and higher-order effects are
negligible for very high Kdrmédn numbers. Equations (15-17) reduce
then to

B 2 2
A(5+)=5+./2; ﬁ(;:W; Bw =—7" Bs = ag
0

18)

The superpipe data from McKeon et al. [27] are now used to predict
the coefficient f.

The inset of Fig. 1 depicts a perfect straight-line fit of the
superpipe data. The computed § value of 3.043 is very close to
3.1 £0.1, the value proposed by Sreenivasan and Sahay [34].
Calculating « from this 8 value leads to 0.432, which is only 2.6%
higher than the value derived by McKeon et al. [27] from separate
measurements of pressure drop and velocity collapse using inner
and outer variables. Our value is also in excellent agreement with

~ = 0.43, proposed by George [43] for pipe flows. Figure 1
illustrates that the concordance between data and first-order
correction is good above § & 800, which is also confirmed by the
channel flow data by Zanoun [40]. The departure from the leading-
order solution due to higher-order effects increases markedly
below this threshold.
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Fig. 1 First-order correction of Reynolds shear-stress peak value (see
Table 1 for symbols). The abscissa is transformed according to the
forecasted Karman number dependency, 1/5+!/2, The solid line indicates
a first-order fit following from superpipe data (solid circles in the inset
box).

In the second step the difference A*(§) between the leading-
order correction and the actual value of A(6%) is predicted. This
departure should be described to leading order by the second-order
terms provided in Eqs. (15-17). To clearly delineate the dependency,
this departure is plotted versus abscissas that are transformed
according to the forecasted Kdrman number dependency. For GLL
thisis 1/87; for WLL itis 1/671/2/K}/*/ ta(D§+)1+9); and for BPL
itis (a[ln(8%)]/8/2/ (a(8). In case the second-order correction is
sufficient to cover the remaining Kdrméan number effects properly, all
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Fig. 2 Second-order correction of peak value of Reynolds shear stress
for GLL (top figure), WLL (center figure), and BPL (bottom figure).
Symbols are described in Table 1. Abscissae are transformed according
to the forecasted Karman number dependency for each theory. Solid
lines show linear fits. Insets show a departure from the linear fit for a
medium Kiarman number.
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data points should order along a straight line. Note that no curve fitis
needed to verify the §* range where the second-order correction is
sufficient. Figure 2 demonstrates that the second-order correction
works fine down to about §* = 350 for WLL and down to §+ = 400
for GLL and BPL. A least-square fit for GLL in the appropriate
region gives a slope of 5.14. The slope for WLL follows from the
parameters o = —0.932, D =1, and A; = 0.145 given by George
[43]. For Barenblatt’s power law, a slope of 0.71 is found, which is
slightly lower than the value of 0.93 proposed by Sreenivasan and
Sahay [34]. For lower values of §*, all attempts show again a
significant departure from the straight line indicating a need to
consider third- and higher-order Kdrman number corrections.

In the final step the procedure from the second step is repeated.
This time the remaining departure A**(6%) between the second-
order correction and the actual A(6*) values is predicted. Once
again, this difference is plotted versus abscissas that are transformed
according to the functional Karman number dependency of the third-
order terms in Eqs. (15-17). Assuming that the factors appearing in
K are of the same order of magnitude, the abscissa for GLL follows
1/8T3/2(K{/* + K;'/*). For WLL, the abscissa is scaled as
1/8412 /K3 (a(DST)@, and for BPL, itis 1/8+1/2/ (a(5%).

Again it is expected that in regions where the third-order
correction is sufficient, all data points would be ordered along a
straight line. As shown in the upper plot of Fig. 3, this is obviously the
case for the generalized logarithmic law over the entire Kdrman
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Fig. 3 Third-order correction of peak value of Reynolds shear stress
for GLL (top figure), WLL (center figure), and BPL (bottom figure).
Symbols are described in Table 1. Abscissae are transformed according
to the forecasted Karman number dependency for each theory. Solid
lines show linear fits and dotted lines show the 95% confidence interval.
Broken lines in the two lower plots indicate a parabolic fit. The insets
show the same as the large plots but with a fitting region limited to
Karman numbers higher than 100.
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Fig. 4 Peak position of Reynolds shear stress according to the
generalized logarithmic law. Broken line: first order without first-order
correction term a™*; dotted line: complete first-order correction; solid
line: second-order correction.

number range investigated. The third-order corrections of Wosnik’s
alternative logarithmic law and Barenblatt’s power law (respec-
tively, middle and lower plots of Fig. 3) are ordered almost on a
parabola. The linear fit fails in the sense that in both cases above
8%t =~ 100, the data points lie below the straight line. The
95%-confidence interval is in both cases significantly larger than that
for GLL.

Note that the lowest Kdrmdn number considered here is 64
(Reynolds number based on bulk velocity Re;, = 1844), which is
very close to relaminarization. A reliable conclusion for fully
developed turbulent channel and pipe flows might therefore only be
drawn down to 67 &~ 100 (Re, ~ 2960). Therefore, the analysis is
repeated excluding data having §* smaller than 100, and the results
depicted in the insets in Fig. 3. Again an excellent collapse of all data
points along a straight line is obtained for GLL. This clearly indicates
that the data follow the Kdrman number dependency forecasted by
the generalized logarithmic law. Furthermore, the figure for GLL
shows that Kdrmadn number effects higher than third order are
marginal and are even overshadowed by the minuscule numerical
errors of the DNS data. As for the analysis of the entire Kdrman
number range, the linear fit fails for WLL and BPL, which indicates
that the Karman number effects identified are not in agreement with
their respective theories.

By adapting the «; value of 1/150 found by Jiménez and Moser
[44], Eq. (11) is now specified as

Vi =1.5216"12K* +8 (19)

with K; = 1 4 (64.8/5%). The shear-stress correction (15) follows

1 1 1 1
1 1 1 1
+32.75 s (K + Kol + 0[8?] (20)

Figure 4 shows the peak position of the Reynolds shear stress
according to the generalized logarithmic law. It can be seen clearly
that higher-order effects become significant below the Karmdin
number of about 1000. The first-order y* correction represented by
a't covers these effects only partially. Not until the second-order
8* correction is introduced is a proper fit of the y;; data achieved.

VII. Conclusions

Three different theories that predict the mean-velocity profile in
the overlap region of wall-bounded turbulent flows are compared.
All theories demand the inclusion of higher-order effects with respect
to the ratio of outer to inner length scales. However, the functional
representation of this dependency is different in each case. We
employ data of peak position and values of Reynolds shear stress
provided by channel flow DNS and pipe and channel flow
experiments to validate these dependencies. In contrast to previous
work that focused on the mean velocity, the data of peak position and
values of Reynolds shear stress employed herein provide a much
more sensitive test to validate the different theories.

It is found that both the peak position and peak value of the
Reynolds shear stress follow the reciprocal of powers of the Karman
number, rather than the reciprocal of powers of the logarithm of the
same. Two conclusions are drawn from that finding. The first one is
rather a qualitative statement that even regions very close to the wall
are affected by flow phenomena that scale directly with outer
variables and not with the much smaller logarithm of these scales.
The second conclusion tells something about the quality of the
disappearance of the §* dependency. Because of the fact that peak
position and value follow 1/8% rather than 1/ (o (67), any Kdrmén
number effects will die out very rapidly. A primary finding of this
study is that these effects are clearly visible in the near-wall Reynolds
shear stress. Therefore, they must also be considered in the near-wall
mean-velocity profile.

Note added in proof: A recent publication by Wu and Moin [53]
came to our attention as this paper was going to press. Two of the
highlights of their article are the finding that direct numerical
simulation pipe-flow realizations having the highest Reynolds
number ever achieved with DNS (Rep, = 44,000; §* = 1142) do
not support the theory advanced by Wosnik et al. [22], and that the
mean-velocity profiles “exhibit limited rather than extended power-
type behavior.” Both findings strongly support our results. We could
readily show that the reason for the first finding by Wu and Moin [53]
is not the inner additive constant of advanced logarithmic laws, but
rather the particular functional form of the Kdarmadn-number
dependency proposed by Wosnik et al. [22].
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